Abstract. In this article, we consider some problems in additive number theory. Elementary solutions for the Goldbach-Euler conjecture and the twin primes conjecture are presented. The method employed also makes it possible to obtain some interesting results related to the densities of sequences and gaps between primes. A stronger version of the Goldbach-Euler conjecture, in which the strengthening is established by reducing the set of all primes to the set of twin prime pairs, is also presented. The proof is based on the direct construction of the double sieve and does not use heuristic methods.
Background and conventions
The proof is based on some property of Z/6Z: the residue classes1 6 and5 6 contain all odd primes except 3; each of the even residue classes modulo 6 may be represented as a sum or a difference of1 6 and/or5 6 ; the sequences1 6 and5 6 are well-structured by all prime numbers. It allows us to construct the double sieve.
Let P denote the set of all primes. We assume that p ∈ P, where P = P \ {2, 3}. We use notation #S m for the number of positive elements of the segment of sequence S m . We apologize to the reader for using a specific font to denote objects of a particular type. We have to do it in order to save a certain logical structure.
Preliminaries

2.1.
Well-structured sequences. Definition 1. We say that a sequence S well-structured by number q if the indices of terms of sequence S that are divisible by q form an arithmetic progression with the common difference q. A terms of sequences A and B either are primes p ∈ P or products of primes p ∈ P. Obviously A ∪ B ⊃ P.
Theorem 2.
The sequences A and B are well-structured by all primes p ∈ P.
Proof. If a i are composite, then there exists j = 0, k = 0 such that a i = 6i − 1 = a j b k = (6j − 1)(6k + 1) = 36jk − 6k + 6j − 1.
In this case, we have two expressions for i:
that determine two families of arithmetic progressions a j | a i ⇔ i = +j + ka j , (1)
If b i are composite, then there exists j = 0, j ′ = 0, or k = 0, k ′ = 0 such that at least one of the following equalities will hold:
′ − 1 = 6 6jj ′ − j − j ′ + 1,
In that case, we also have two expressions for i:
that determine two families of arithmetic progressions
Expressions (1), (2), (3), and (4) implies that the sequences A and B are well-structured by all numbers a j ∈ A and b k ∈ B. The proof follows from the A ∪ B ⊃ P.
2.2.
Sieving. That is, for any p ∈ P in each of the sequences A and B there is exactly one subsequence of terms are divisible by p and form an arithmetic progression with the common difference equal to 6p. The indices of these terms form an arithmetic progression with the common difference equal to p.
We define the sieving of a sequence S by a number p as replacing composite terms of sequence S which are a multiple of p by 0. A sequence S sifted by p we denote as S\λp. A sequence S sifted by all p ∈ P we denote as S\λP. We also write S m \λp and S m \λP for sieving of a segment S m .
2.3.
Sequences A, B, L, and R. Let A = A \ λP and let B = B \ λP. We now set up a correspondence between sequences L and R and the sequences A and B. The rules of correspondence is L = {l i : l i = i if a i ∈ P; l i = 0 if a i / ∈ P} and R = {r i : All nonzero terms of the sequences A and B are prime numbers. All nonzero terms of the sequences L and R are indices of proper nonzero terms of the sequences A and B, respectively. Obviously, the sequences L and R inherit the structures of the sequences A and B in the sense of distribution of zero terms. The indices of zero terms of the sequences A and L determine by the right-hand sides of (1) and (2); the indices of zero terms of the sequences B and R determine by the right-hand sides of (3) and (4). Now we define sequences 2.5. Nonzero terms counting function. Let π(a, n) denote the number of primes not exceeding n that are of the form 6i − 1, and let π(b, n) denote the number of primes not exceeding n that are of the form 6i + 1. For the following discussion, we take n = 6m. Then,
2.6. Even numbers. Let G = {g} be the set of all positive even numbers. We partition G \ {2} into three disjoint sequences (residue classes modulo 6) and assume that
Each integer m determines three consecutive even numbers, one from each of these classes.
2.7. Sequence' segment summation. We define the addition (subtraction) of two sequences S ′ = {s ′ i } and S ′′ = {s ′′ i } as sequence S = {s i :
. Also, we define the addition (subtraction) of two segment of sequences
. We assume that a sequence S = S ′ + S ′′ sifted by p if both sequences S ′ and S ′′ sifted by p. In this case we write S \ λp = S ′ \ λp + S ′′ \ λp.
Binary additive problems.
2.8.1. Pairs of primes with a fixed difference. Let π g (n) be a number of primes p not exceeding n and such that p ′ = p + g are also primes. All even numbers of each class may be represented as a difference of two odd integers from A and/or B in one and only one way, that is,
These identities allow us to find the solution of this problem from the constructions
We note that π g 1
is equal to the sum of the numbers of nonzero terms in two segments. Substitution m ′ = 5 and m = 126/6 = 21 in constructions (6) and (7) give us the number of pairs of primes with differs equal to 30 and 32 properly.
Twin primes.
An important special case of pairs of primes with a fixed difference are twin primes. For the twin primes we have the identity b i − a i = 2, and the construction
for the number of pairs of twin primes π 2 (n) not exceeding n = 6m. Let B − A = T . Since 2.8. 3 . Representation of an even number as the sum of two primes. Let π + (g) be the number of all representations of an even number g as the sum of two primes. All even numbers of each class may also be represented as a sum of two odd integers from A and/or B in one and only one way,
, and g 3 m+1 = b j + b m−j+1 . These identities allow us to find the solution of this problem for all even numbers g 10 from the constructions
Remark 4. We take the coefficient 0.5 in (8) and (10) because the sum of the direct and inverse segments of the same classes of primes is a symmetrical segment where the terms symmetrical with respect to the center differ only by the order of summation. The sum of the segments of different classes of primes gives us representations that are all distinct.
We find, for example, the number of representation of even number 94 as the sum of two primes. Remark 5. If each of three consecutive even number g 1 m , g 2 m , and g 3 m may be represented as the sum of two primes, it is clear that number m may be represented in three ways: l + l, l + r, and r + r.
2.9. Double sieve. In the section 2.1, 2.2, 2.3, we showed that each of sequences A and B are well-structured by all primes p ∈ P. Thus, for all p ∈ P, in each of the sequences A, B, L, and R there exists one and only one infinite subsequence of zero terms, indices of which to form an arithmetic progression with the common difference equal to p. For every p ∈ P we have
Definition 6. We say that sequence S is double sifted by prime p if there exists two various disjoint subsequences of zero terms and the indices of terms each of these subsequences to form an arithmetic progression with the common difference equal to p.
Definition 7. We say that sequence S is a realization double sieve if sequence S is double sifted by all p ∈ P; We say that sequence S is a realization double sieve if sequence S is double sifted by all but finitely many p ∈ P. Terms of both the sequences A and B which designate as 0 mapping on T \ λP as 0 too. Therefore the indices of zero terms of sequence T \ λP will be determined by all expressions (1), (2), (3), and (4). Combine (1) with (3) and (2) with (4), we get two families of arithmetic progressions, λ ∈ Z + ,
Equation (11) asserts that in sequence T \ λP for each p ∈ A there are two disjoint subsequences of zero terms the indices of them forms arithmetic progressions with the common difference equal to p. Equation (12) asserts that in sequence T \ λP for each p ∈ B there are two disjoint subsequences of zero terms the indices of them forms arithmetic progressions with the common difference equal to p. The proof follows from the statement A ∪ B ⊃ P.
Thus, the sum of the sequences A and B and the sum of the sequences L and R are double sieve realizations. For all p ∈ P we have
2.9.1. General case of double sieve. In a general case, that is, when we summarize sequences derived from A and B or L and R, we can get a sequence where two subsequences of zero terms which are arithmetic progressions with the same common difference may be congruent and degenerate to one subsequence.
All the binary constructions that were considered in 2.8.1, 2.8.2, and 2.8.3 have a general view S ′ m ± S ′′ m = S m = {g} i=m i=1 and are generated by the identity s ′ i ± s ′′ i = s i = g. In all cases, if p | g, then p | s ′ i if and only if p | s ′′ i . Let p, q ∈ P and let p | g and q ∤ g; then
We give two examples to illustrate these assertions. Let us {28 − } = A 5 − B. The difference between the proper terms of these sequences equal to g = 28 have the only one prime factor p = 7. If we have sieved this construction by a prime p = 7, 7 | 28, we get Suppose there exists an estimate
. In common case we get
Here, in compliance with the remark 3 in section 2.8.1 (p.4), κ = 1 if 3 ∤ g and κ = 2 if 3 | g. Also, there exists the same relation for the number of representations of an even number g as the sum of two primes, where in compliance with the remark in section 2.8.3, (p.5), κ = 1 if 3 | g and κ = 0.5 if 3 ∤ g. We will show in section 3.2 that the number of representations of an even number g as the sum of two primes can be presented by π 2 (g).
It is possible to generalize this result to the sum of any number of sequences. The sum of k sequences such as A, B, A m ′ and B m ′ contains no less than 1 and no more than k progressions with the common difference p for each p. The constructions T m ′ + T take the number of patterns of two pairs of twin primes with difference equal to 6m ′ . Here, we have k = 4. When m ′ = 1, we obtain the construction for quadruplets. In this case, we sum a i , b i , a i+m ′ , b i+m ′ , which are all relatively primes to each other and therefore η k (m ′ ) = η 4 (1) = 1. By the asymptotic Mertens' formula (See e.g. Ingham [2] , pp. 22-24.)
and the inequality n/log n < π (n) that holds for all n 17 (Rosser, Schoenfeld, [3]), we have for all sufficiently large m = n/6
and then apply Dirichlet's theorem on primes in arithmetic progressions to get
Relation between single sieving 5 p 6m (1 − 1/p) and double sieving 5 p 6m (1 − 2/p) determine by asymptotic equality
Finally, using this asymptotic equality we obtain
The inequality π 2 (6m) > mH m holds for all m > 5, although this approximation is not sufficient. For example, for n = 10 6 , we have π 2 (6m) − mH m > 1251, while π 2 (10 6 ) = 8168.
3.1.1. The first Hardy-Littlewood conjecture. We may get the approximation of the number of twin primes through the number of primes in the following way: assume that there are functions ϕ a,m and ϕ b,m such that
Then, the right-hand side of (16) can be written as C 1:2 ϕ a,m ϕ b,m and we get
This is a better approximation of π 2 (6m) than mH m . Thus, π 2 (10 6 ) − π ′ 2 (10 6 ) = 32.5356 . . . When we substitute m = n/6, π(a, 6m) · π(b, 6m) ∼ π 2 (n)/4 , and C 1:2 = 4C 2 /3 where C 2 is the twin prime constant in to (18) we obtain
and therefore, (18) is equivalent to the first Hardy-Littlewood conjecture (see [4] for example). The last term here expresses π 2 (n) by the density of primes. Thus, for the number of pairs of prime numbers not exceeding n + g with difference is equal to g, we have the asymptotic formula
The density of prime numbers in one of summand segments here decreases from 1/ log 2 to 1/ log n and the other with decrease from 1/ log(2 + g) to 1/ log(n + g).
3.2.
The Goldbach-Euler conjecture.
Proposition 10. There exists the function H ′ m such that for all sufficiently large m numbers of representations as a sum of two primes apiece of the three successive even numbers,
are not less than mH ′ m , and mH ′ m → ∞ as m → ∞. The last term in (19) expresses π g (n) by the density of prime numbers. The density of prime numbers in both summand segments here decreases from 1/ log 2 to 1/ log n. The constructions for π + (g) contain two segments of primes, one with decreasing density of primes from 1/ log 2 to 1/ log n and the other with increasing density of primes from 1/ log n to 1/ log 2. In this way, by analogy with (19), to estimate the number of representations of an even number g as the sum of two primes, we have
Here, for sufficiently large g we may suppose that n = g and make a suitable choice of κ in η 2 (g). The quotient
has a minimum value 0.706 . . . at n = 32 and attains value 0.972 . . . at n = 10 5 . Thus, function
3.3. Patterns with two pairs of twin primes. Let Π m ′ (n) be the number of twins p, p + 2 not exceeding n such that p ′ = p + 6m ′ , p ′ + 2 are also twins. We have the construction for the solution of this problem,
, we obtain the number of prime quadruplets. We will then show Proposition 11.
Proposition 11. There exists the function Q m such that the inequality Π 1 (6m) > mQ m holds for all sufficiently large m, and mQ m → ∞ as m → ∞.
As we mentioned in Section 2.9.1, we must sum k = 4 segments, each of which contains composite numbers, distributed in certain arithmetic progressions. If m ′ = 1, then a i , b i , a i+m ′ and b i+m ′ are all relatively prime numbers. In this case,
for all p. Having used a method analogous to the twofold sieve on twin primes in section 3.1 and applied a fourfold sieve, we have
This inequality holds for all m > 1 and Π 1 (6m) − mQ m = 52.07 . . . when 6m = 10 6 . A better approximation can be obtained by using the technique in section 3.1. Then, we have
where
For n = 10 6 , we have the error 8.3904 . . . in formula (21) and the error 7.1272 . . . in formula (22). In general case, we have Π m ′ (6m) = η 4 (m ′ )Π 1 (6m). Note. As a corollary of Proposition 11, we obtain the assertion that there are infinitely many patterns of four primes of any sort. We checked 30, 000 triples of even numbers and found that only 12 of them lack such representations. We therefore claim Proposition 12.
The proof follows from the well-known relation lim x→+∞ x −n log x = 0, which holds for every n > 0. The sequence of primes with 1 is the basis of order 3. The set of twin prime pairs is the asymptotic basis of order 3.
